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MORSE-SMALE CHARACTERISTIC FOLIATIONS AND CONVEXITY IN
CONTACT MANIFOLDS
JOSEPH BREEN
Abstract. We generalize a result of Giroux which says that a closed surface in a contact 3-manifold
with Morse-Smale characteristic foliation is convex. Specifically, we show that the result holds in
contact manifolds of arbitrary dimension. As an application, we show that a particular closed
hypersurface introduced by A. Mori is C∞-close to a convex hypersurface.
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1. Introduction
In [5], Giroux demonstrated the power of convex surface theory in three dimensional contact man-
ifolds. Since then, convexity has been an effective tool in this setting; see for example [6]. Recently,
a systematic development of convex hypersurface theory in arbitrary dimensions began in works such
as [7], [8], and [14]. The goal of this paper is to study further one aspect of convexity in higher
dimensions.
In particular, one of Giroux’s results in [5] is that a closed surface in a 3 dimensional contact
manifold with Morse-Smale characteristic foliation is convex. We recall the relevant definition.
Definition 1.1. A vector field on an oriented manifold is Morse-Smale if the following conditions
are satisfied:
(i) There are finitely many critical points and periodic orbits, each of which is hyperbolic (in the
dynamical systems sense).
(ii) Every flow line limits to either a critical point or an orbit in both forward and backward time.
(iii) The unstable manifold of any critical point or orbit is transverse to the stable manifold of any
critical point or orbit.
A singular foliation is Morse-Smale if it is directed by a Morse-Smale vector field.
In [8], Honda and Huang adapted Giroux’s argument to show that a hypersurface in a contact
manifold of arbitrary dimension with so called Morse+ characteristic foliation is convex. The Morse+
hypothesis, which requires the existence of a Morse function for which the foliation is gradient-like,
precludes the existence of periodic orbits in the characteristic foliation. Here, we generalize further to
include the case where the foliation has periodic orbits. Our main result is the following.
Theorem 1.2. Let Σ2n ⊆ (M2n+1, ξ = kerα) be a closed, oriented hypersurface with Morse-Smale
characteristic foliation. Then Σ is convex.
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2 JOSEPH BREEN
Remark 1.3. The + in the Morse+ hypothesis in [8] is the assumption that there are no trajectories
from negative singularities to positive singularities. It will be evident from the proof of Theorem
1.2 that the analogue of this assumption in Definition 1.1 is condition (iii). Also worth nothing is
that Honda and Huang prove that a hypersurface with Morse characteristic foliation can be smoothly
perturbed to have Morse+ characteristic foliation.
Remark 1.4. When dimM = 3, Theorem 1.2 (i.e., Giroux’s original result) is especially powerful
because Morse-Smale vector fields on 2-manifolds are dense in the C∞-topology (see [13] and the
references within). This implies that a C∞-generic closed surface has Morse-Smale characteristic
foliation, and thus is convex. Morse-Smale vector fields are not C∞-dense in higher dimensions.
The proof of Theorem 1.2 relies on an understanding of the induced 1-form β = α |Σ of a contact
form α near periodic orbits. The terminology we will use in this paper is:
Definition 1.5. Let β := α |Σ. A periodic orbit γ in the characteristic foliation Σξ is Liouville if
gβ is a Liouville form in a neighborhood of γ for some smooth g > 0. We say γ is positive Liouville
if d(gβ)n > 0 and negative Liouville if d(gβ)n < 0.
Remark 1.6. Here is a simple criterion for an orbit to be Liouville: pick any volume form Ω in a
neighborhood of γ and consider the vector field X satisfying iXΩ = β (dβ)
n−1 which directs the
characteristic foliation. If divΩX 6= 0, then γ is Liouville. Indeed,
divΩ(X) Ω = d (iXΩ) = d
(
β (dβ)n−1
)
= (dβ)n
so that dβ is symplectic if divΩ(X) 6= 0. One may easily check that the sign of divΩ(X) is independent
of the choice of Ω.
The proof that Morse+ implies convexity relies on the fact that β is a Liouville form in a neigh-
borhood of a critical point of the characteristic foliation. Also important is the fact that the Morse
index of a critical point of a Liouville vector field satisfies Ind(p) ≤ n, where 2n is the dimension of
the Liovuille manifold (see Proposition 11.9 of [1]). One of the main steps in proving Theorem 1.2 is
to show that hyperbolic periodic orbits exhibit the same behavior.
Proposition 1.7. Let Σ2n ⊆ (M2n+1, ξ = kerα) be an oriented hypersurface. If γ is a hyperbolic
periodic orbit in the characteristic foliation, it is Liouville. Furthermore, if γ is positive Liouville then
Ind(γ) ≤ n.
With this and a few other ingredients, the proof of Theorem 1.2 is a straightforward adaptation of
Giroux’s argument in three dimensions; see also the proof of Proposition 2.2.3 in [8].
As an application of this convexity criterion, we provide some further analysis on a closed hyper-
surface Σ0 introduced by Mori in [11]. We will review the definition of Σ0 in Section 4. In [11] it was
claimed that Σ0 cannot be smoothly approximated by a convex hypersurface. Using Theorem 1.2, we
will prove:
Corollary 1.8. The closed hypersurface Σ0 is C
∞-close to a convex hypersurface.
Remark 1.9. We emphasize that our work only shows that the closed hypersurface Σ0 can be smoothly
approximated by a convex hypersurface. In [11], Mori also introduces a hypersurface with contact
type boundary and states a conjectural Thurston-Bennequin-like inequality for convex hypersurfaces;
see also [12]. Theorem 1.2 and the proof of Corollary 1.8 do not apply to the hypersurface with
boundary, or disprove the conjectured inequality.
This paper is organized as follows. Section 2 contains the necessary background material on charac-
teristic foliations and convexity in contact manifolds, as well as some notions from dynamical systems.
In Section 3, Theorem 1.2 is proved. Specifically, we prove Proposition 1.7 and use this to prove The-
orem 1.2. Section 4 contains the analysis of Mori’s example.
Acknowledgements. The author would like to thank Ko Honda for numerous helpful ideas and
patient suggestions, as well as Atsuhide Mori for an insightful correspondence.
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2. Background material
We assume familiarity with basic contact and symplectic geometry; we relegate further details to
[4]. In this paper, all of our contact manifolds are oriented and our contact structures are co-oriented.
Definition 2.1. If Σ is a hypersurface in a contact manifold (M, ξ = kerα), the characteristic
foliation is the singular 1-dimensional foliation
Σξ = (TΣ ∩ ξ |Σ)⊥
where ⊥ is the symplectic orthogonal complement taken with respect to the conformal symplectic
structure on ξ. If β := α |Σ, then
Σξ = ker (dβ |ker β) .
If Σ is oriented, Σξ inherits a nautral orientation. In this case, a convenient way to compute the
characteristic foliation on an orientable hypersurface Σ2n ⊂M2n+1 is given by Lemma 2.5.20 in [4].
Lemma 2.2. [4] Let β = α |Σ and let Ω be a volume form on Σ. The characteristic foliation Σξ is
directed by the vector field X satisfying
(2.1) iXΩ = β (dβ)
n−1.
In three dimensional contact manifolds, the characteristic foliation alone determines the contact
germ near a hypersurface [5]. In higher dimensions we have the following weaker fact.
Lemma 2.3. [8] Let (M, ξi = kerαi) for i = 0, 1 be two contact structures on the same manifold. Let
βi = αi |Σ and suppose that β0 = gβ1 for some g > 0. Then there is an isotopy φs : M → M such
that φs(Σ) = Σ, φ0 = idM , and (φ1)∗(ξ0) = ξ1 in a neighborhood of Σ.
Any submanifold of Σ transverse to the characteristic foliation is a contact submanifold of M .
Furthermore, flowing along the characteristic foliation induces a contactomorphism of the transversal.
Definition 2.4. A contact vector field V in a contact manifold (M, ξ = kerα) is one whose flow
φt : M →M is a contactomorphism for all t.
There is a one-to-one correspondence between contact vector fields V and “contact Hamiltonian
functions” C∞(M), see Section 2.3 of [4]. Given H ∈ C∞(M), the corresponding contact vector field
is determined uniquely by the conditions
(2.2) α(XH) = H and iXHdα = dH(Rα)α− dH.
A vector field V is contact if and only if LV α = gα for some smooth g : M → R. The Reeb vector
field Rα is an example of a contact vector field.
Definition 2.5. A hypersurface Σ ⊂ (M, ξ) is convex if there is a contact vector field V everywhere
transverse to Σ.
One can characterize convexity at the differential form level as follows.
Lemma 2.6. [5] An embedded oriented hypersurface Σ is convex if and only if there is an neighborhood
Σ × R of Σ = Σ × {0} in M such that ξ = ker(u dt + β), where t is the R-coordinate, β is a (t-
independent) 1-form on Σ, and u is a (t-independnet) function u : Σ→ R.
Note that any 1-form on R × Σ can be written ut dt + βt for some family of smooth functions
ut : Σ→ R and family of 1-forms βt on Σ. Convexity requires a form which is t-invariant. A convex
hypersurface is naturally divided into three regions in the following way. Write α = u dt+ β near Σ.
Then
R+(Σ) = {u > 0} and R−(Σ) = {u < 0}
are the positive and negative region, respectively, and Γ = {u = 0} is a codimension 1 submanifold
of Σ called the dividing set. The dividing set (which depends on the choice of contact vector field) is
well-defined up to isotopy of dividing sets.
Next, we recall one definition from symplectic geometry.
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Definition 2.7. A Liouville form on a symplectic manifold (W,ω) is a 1-form β such that ω = dβ.
The vector field X such that iXω = β is the Liouville vector field of β.
In a convex hypersurface, R+(Σ) and R−(Σ) inherit a Liouville structure from β = α |R±(Σ). If
X denotes the Liouville vector field (for either R+(Σ) or R−(Σ)), then the characteristic foliation on
R+(Σ) is directed by X and the characteristic foliation on R−(Σ) is directed by −X.
Finally, the dynamical systems notion of hyperbolicity will be central in what follows. We refer to
[13] for more details.
Definition 2.8. Let γ be a periodic orbit of a vector field X, and let L be a transversal to X which
intersects γ once. The Poincare first return map is the map P : V ⊂ L→ L defined by following
the trajectories of X from some open subset V of L to their first point of return to L. The orbit γ is
hyperbolic if the eigenvalues µ of TP satisfy 0 < |µ| 6= 1.
3. Proof of Theorem 1.2
As alluded to in the introduction, we begin by proving Proposition 1.7, which allows us to defini-
tively place an orbit in either the positive or negative region.
Proof of Proposition 1.7. The general strategy of the proof is to show that the divergence of a vector
field directing the characteristic foliation near the hyperbolic periodic orbit γ is nonzero. By Remark
1.6, this proves that γ is Liouville.
Step 1: Analyzing the differential of the Poincare first-return map.
Let L be a transversal to the periodic orbit and V ⊂ L an open subset diffeomorphic to R2n−1
containing {0} = γ ∩ L such that the Poincare first-return map P : V → L is defined. Let λ = α |L
be the induced contact form on L. Because P is defined by following the trajectories of the flowlines
of Σξ, P is a contactomorphism. Thus, P
∗λ = fλ for some f > 0.
Next, we compute a matrix representative for T0P : T0V → T0L. Let R = Rλ(0), the Reeb vector
field for λ at 0, and let {R, v1, . . . , v2n−2} be a basis for T0V such that {v1, . . . , v2n−2} is a symplectic
basis for kerλ with respect to the symplectic structure induced by dλ. Write T0P (R) = C R + v for
some constant C and some v ∈ kerλ. Since P is a contactomorphism, kerλ is invariant under P .
Thus, with respect to the above basis we have
[T0P ] =
(
C 0
∗ M
)
where 0 is a 1× (2n− 2) matrix of zeroes and ∗ is a (2n− 2)× 1 matrix determined by T0P (v). Since
C = λ(C R+ v) = λ(T0P (R)) = P
∗λ(R) = f(0)
it follows that one of the eigenvalues of T0P is C = f(0). The assumption that γ is hyperbolic is
precisely the assumption that the eigenvalues of T0P : T0V → T0L satisfy |µ| 6= 1 (and µ 6= 0). Thus,
C > 1 or 0 < C < 1.
Next, since P ∗dλ = df λ+ f dλ,
P ∗dλ |kerλ= f(0) dλ |kerλ .
This implies that MTJ0M = C J0, where J0 is the skew-symmetric matrix corresponding to the
symplectic structure on kerλ. Let M ′ = C−
1
2M . Then
(M ′)TJ0(M ′) = C−1MTJ0M = J0
so that M ′ is a symplectic matrix. Thus, to summarize Step 1:
(3.1) [T0P ] =
(
C 0
∗ √CM ′
)
where either 0 < C < 1 or C > 1, and M ′ is a symplectic matrix.
Step 2: Determining the divergence of the characteristic foliation.
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Let X be a vector field directing the characteristic foliation near γ. Let θ be a coordinate on γ.
By considering a volume form Ω = dθΩ′ where Ω is a (possibly θ-dependent) volume form in the
transverse direction, we may assume that X = ∂θ + Y where Y is a vector field in the transverse
direction which has a hyperbolic zero at 0. By Remark 1.6, to show that γ is Liouville it suffices to
show that div(Y )(= div(X)) is nonzero along γ.
Reparametrizing if necessary, we may further assume that P (x) = φt(x), where φ1 is the flow of
Y . By the Hartman-Grobman theorem (see Section 2.4 of [13]), in a small neighborhood of 0 it is
sufficient to consider the flow of the linearization of Y , which we denote by Ax. Here x ∈ R2n−1 and
A is a square matrix.
Note that (div Y )(0) = trA(0). Because P (x) = φ1(x), by standard linear dynamical systems
theory it follows that [T0P ] = e
A(0). Since det(eA) = etrA,
(div Y )(0) = trA(0) = log det[T0P ].
Since the determinant of any symplectic matrix is 1, (3.1) implies det[T0P ] = C ·
√
C
2n−2
= Cn.
Thus,
(div Y )(0) = n logC.
Since C > 1 or 0 < C < 1, this shows that divX 6= 0 in a sufficiently small neighborhood of γ.
This proves that a hyperbolic orbit is Liovuille. In particular, if f(0) > 1 then γ is positive Liouville
and if f(0) < 1 then γ is negative Liouville.
Step 3: Computing the index of a positive orbit.
Suppose that γ is a positive hyperbolic orbit. Consider [T0P ] as in (3.1). Since γ is positive, C > 1.
Let E− denote the subspace of generalized eigenvectors with eigenvalues of modulus < 1. We claim
that dimE− ≤ n− 1. The final claim in the proposition then follows, as the dimension of the stable
manifold is ≤ (n− 1) + 1 = n after accounting for the orbit direction.
It is a standard fact (see, for example, [10]) that if µ′ is an eigenvalue of a symplectic matrix M ′,
then (µ′)−1 is also an eigenvalue with the same multiplicity. This implies that if µ is an eigenvalue of
M =
√
CM ′, then Cµ−1 is also an eigenvalue of M with equal multiplicity. In particular, if |µ| < 1
then |Cµ−1| > 1. Thus, there are at most n − 1 eigenvalues of M with modulus less than 1, which
proves the claim.

Now we can adapt the arguments in [5] and [8] to prove that a Morse-Smale characteristic foliation
is sufficient for convexity in arbitrary dimensions.
Proof of Theorem 1.2. Suppose that Σξ is Morse-Smale. To show that Σ is convex (up to a contact
isotopy of M which fixes Σ), it suffices by Lemma 2.3 to construct a vertically invariant contact form
α1 on a neighborhood of Σ such that β1 = gβ for some g > 0. Here β1 = α1 |Σ and β = α |Σ.
Throughout the proof we will loosely use g to denote a sufficient positive function.
Classify each singular point p of Σξ as either positive or negative in the natural way, i.e., based on
the orientations of ξp and TpΣ. Classify each periodic orbit as either positive or negative according
to Proposition 1.7.
We claim that there is no flow line from a negative critical point or orbit to a positive critical
point or orbit. Indeed, as mentioned in the introduction, the Morse index of a positive critical
point p satisfies Ind(p) ≤ n. By Proposition 1.7, the Morse index of any positive orbit also satisfies
Ind(γ) ≤ n. The transversality assumption in Definition 1.1 implies that the stable manifold of any
positive critical point or orbit and the unstable manifold of any negative critical point or orbit either
do not intersect, or the dimension of the intersection is 0. In either case, there can be no flow line
(necessarily one-dimensional) from a negative point or orbit to a positive point or orbit.
Next, we will construct open sets U+ and U− in Σ containing all positive and negative points and
orbits, respectively, and then use the resulting decomposition of Σ to define α1. In particular, U
+
and U− will be “prototypes” for R+(Σ) and R−(Σ).
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Step 1: Constructing U+.
For any set S ⊂ Σ, let Op(S) denote a sufficiently small open neighborhood of S in Σ.
Let {x1, x2, · · · , xM} be the list of positive orbits and points (i.e., xi can be a critical point or an
orbit). Let Uk be the union of Op({x1, x2, · · · , xk}) with sufficiently small tubular neighborhoods of
the stable manifolds of x1, . . . , xk−1. Because there is no trajectory from a negative point or orbit,
we may assume that the list {x1, . . . , xM} is ordered so that a tubular neighborhood of the stable
manifold of xk+1 intersects ∂Uk in a contact submanifold. Here the contact assumption comes from
choosing Uk so that ∂Uk is transverse to the characteristic foliation. Finally, let U
+ = UM .
Step 2: Defining β1 on U
+.
We will define β1 on U
+ by inducting on k. Note that U1 = Op(x1) and by assumption, β1 := gβ
is positive Liouville on U1 for some g > 0. Now suppose that β1 has been constructed on Uk. By
assumption, gβ is Liouville on Op(xk+1). Using the flow of the characteristic foliation and the above
remark about the stable manifold of xk+1, we may identify
Uk+1 \ (Uk ∪Op(xk+1))
with [0, 1] × L where L is a contact submanifold. Here, {0} × L ⊆ ∂Uk and {1} × L ⊆ ∂Op(xk+1).
Because L is a contact submanifold of M , λ = β |L is a contact form on L. Since the flow of the
characteristic foliation is a contactomorphism of L, we have β = hλ on [0, 1]s × L for some smooth
h > 0. Note that
dβ =
∂h
∂s
ds λ+ dLhλ+ h dλ
and so
(3.2) (dβ)n = nhn−1
∂h
∂s
ds λ (dλ)n−1.
Thus, β is Liouville if ∂h∂s > 0. After scaling β by a sufficiently large constant on Op(xk+1), the
function h can be multiplied by a positive function h1h so that
∂h1
∂s > 0 on [0, 1]s×L. With β1 defined
on Uk+1 in this way, β1 is positive Liouville on Uk+1.
Inductively, this defines β1 on U
+ so that β1 = gβ is a positive Liouville form.
Step 3: Constructing U− and defining β1 on U−.
Define an open neighborhood U− together with a negative Liouville form β1 = gβ in the analogous
way using negative singular points and negative periodic orbits together with the unstable manifolds
of each.
Step 4: Defining β1 near the dividing set.
By the above steps, U+ and U− are disjoint open sets in Σ containing all singular points and
orbits. Furthermore, there are no flowlines running from U− to U+. Thus, using the flow of Σξ
we may identify Σ \ (U+ ∪ U−) with [−1, 1]s × Γ for some submanifold Γ, where {−1} × Γ = ∂U+,
{1} × Γ = ∂U−, and Σξ is directed by ∂s. Let λ be the induced contact form on Γ. On [−1, 1] × Γ,
β = hλ. We then have ∂h∂s > 0 near {−1} × Γ and ∂h∂s < 0 near {1} × Γ (see the remark after (3.2)).
Multiply h by a function h1h so that
∂h
∂s > 0 for −1 ≤ s < 0, ∂h1∂s = 0 for s = 0, and ∂h1∂s < 0 for
0 < s ≤ 1. Let β1 = hλ.
Step 5: Defining the vertically invariant contact form α1 on R× Σ.
Decompose Rt × Σ as (
R× U+) ∪ (R× U−) ∪ (R× [−1, 1]× Γ) .
Let α1 = dt+β1 on R×U+ and let α1 = −dt+β1 on R×U−. Since β1 is positive (negative) Liouville
on U+ (U−), α1 defines a contact form on these regions. Furthermore, by construction, α1 |U±= gβ
for some g > 0.
To define α1 on R × [−1, 1] × Γ, let u : [−1, 1] → R be a smooth function such that u′(s) < 0 for
−1 < s < 1, u′(s) = 0 for |s| = 1, u(−1) = 1, u(0) = 0, and u(1) = −1. Let α1 = u dt+ β1. Then α1
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is a smoothly defined 1-form on R× Σ, and
α1 (dα1)
n = n
(
un
∂h1
∂s
− ∂u
∂s
hn1
)
dt ds λ (dλ)n−1.
One may verify that with an appropriate choice of h1 as defined in Step 4,
(3.3) un
∂h1
∂s
− ∂u
∂s
hn1 > 0.
If n is even, then for 0 < s ≤ 1 we require∣∣∣∣∂h1∂s
∣∣∣∣ < ∣∣∣∣∂u∂s
∣∣∣∣ · ∣∣∣∣h1u
∣∣∣∣n
which can be arranged by making h1 sufficiently flat. Otherwise, the definitions of u and h1 force
(3.3) to hold. Thus, α1 is a vertically invariant contact form defined near Σ such that α1 |Σ= gβ for
some positive function g. By the remark at the beginning of the proof, Σ is convex.

4. Applications
In this section we provide some further analysis on a non-convex hypersurface introduced by A.
Mori. We begin with some generalities, and then in 4.1 we review the definition of the hypersurface, the
argument for its non-convexity, and then prove that there is C∞-small perturbation of the hypersurface
to a convex hypersurface.
First, a lemma which computes the perturbation of the characteristic foliation in a particular model.
Lemma 4.1. Consider the contact manifold Rt × S1θ × L2n−1 with contact form α = t dθ + λ, where
λ is a contact form on L. Let H : M → R be a smooth function, and let Σ˜ = {t = H}. Let XH be the
contact vector field corresponding to the contact Hamiltonian H as in (2.2). Then the characteristic
foliation of Σ˜ is directed by ∂θ −XH .
Proof. Let Ω = dθ λ (dλ)n−1. Since λ (dλ)n−1 is a volume form on L and Σ˜ is a graph over {t = 0},
Ω is a volume form on Σ˜. Using (2.2), one may compute
i∂θ−XHΩ = λ (dλ)
n−1 + dθ iXH
(
λ (dλ)n−1
)
= λ (dλ)n−1 +H dθ (dλ)n−1 + (n− 1) dθ λ dH (dλ)n−2.
On the other hand, let β = α |Σ˜. Then β = H dθ + λ and dβ = dH dθ + dλ so that
β (dβ)n−1 = λ (dλ)n−1 +H dθ (dλ)n−1 + (n− 1) dθ λ dH (dλ)n−2 = i∂θ−XHΩ.
By Lemma 2.2, ∂θ −XH directs the characteristic foliation. 
This lemma becomes useful in the context of Theorem 1.2 when XH is a pseudo-gradient for a
Morse function on L. In this case, Σ˜ ∼= S1×L has Morse-Smale characteristic foliation. Indeed, there
are finitely many hyperbolic periodic orbits directed by ∂θ corresponding to the zeroes of XH .
The existence of a Morse function admitting a gradient-like contact vector field is the defining
feature of a convex contact structure, first introduced by Eliashberg and Gromov in [3] and studied
further by Giroux in [5].
Theorem 4.2 (Giroux, see [2, 14]). Every contact manifold admits a contact vector field which is
gradient-like for some Morse function.
With this fact and Theorem 1.2, we have the following corollary.
Corollary 4.3. Let Σ2n ⊂ (M2n+1, ξ = kerα) be a hypersurface in a contact manifold diffeomorphic
to S1 × L2n−1 for some closed manifold L. Suppose that the characteristic foliation Σξ consists
of completely degenerate periodic orbits, so that the foliation is directed by ∂θ for some choice of
coordinate θ on S1. Then there is an arbitrarily C∞-small perturbation of Σ to a convex hypersurface.
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Proof. Because {θ}×L ⊂ Σ is transverse to the characteristic foliation, α |{θ}×L is contact. By Lemma
2.3, we may take a sufficiently small neighborhood of Σ to be contactomorphic to Rt × S1θ × L2n−1
with contact form α = t dθ+λ, where λ is a contact form on L and Σ = {t = 0}. By Theorem 4.2, we
may choose a contact vector field XH on L which is gradient-like for some Morse function on K. By
scaling the corresponding contact Hamiltonian H, we may assume that the C∞ norm of H is as small
as we like. Then Σ˜ = {t = H} will be C∞-close to Σ, and by Lemma 4.1 the characteristic foliation
of Σ˜ is directed by ∂θ −XH . Since this vector field is Morse-Smale, by Theorem 1.2, Σ is convex. 
In particular, the proof of this corollary shows that any completely degenerate periodic orbit in a
characteristic foliation can be locally perturbed to be hyperbolic.
4.1. Mori’s hypersurface. In [11], Mori introduced a particular non-convex hypersurface. We re-
view the definition here. Consider
R2n+1 = Rz × R2r,θ × R2ρ1,φ1 × · · · × R2ρn−1,φn−1
where (r, θ) and (ρi, φi) are polar coordinates in their respective planes. Let
(4.1) α = (2r2 − 1) dz + r2(r2 − 1) dθ +
n−1∑
i=1
ρ2i dφi.
One can check that α is a contact form. Next, for 0 < ε << 1, let
Σ0 =
{
r2 + ε−2
(
z2 +
n−1∑
i=1
ρ2i
)
= 1 + ε
}
.
Note that Σ0 is diffeomorphic to S
2n.
Lemma 4.4. [11] The characteristic foliation on Σ0 ⊂ (R2n−1, kerα) is directed by the vector field
(4.2) X =
[
(r2 − 1)2 + (2r2 − 1)(ε−2z2 − ε)] ∂z
+ ε−2r(r2 − 1)z ∂r + (1 + 2ε− 2ε−2z2) ∂θ
+ ε−2(2r2 − 1)z
n−1∑
i=1
∂ρi + ε
−2(2r4 − 2r2 + 1)
n−1∑
i=1
∂φi .
We may visualize the characteristic foliation as follows [11]. Observe that the vector field X from
Lemma 4.4 does not depend on θ or φi. Thus, if we project P : Σ0 → Σ˜0 to the quarter ellipsoid
Σ˜0 = {z2 + r2 + ρ2 = 1 + ε} ⊆ { (z, r, ρ) : r, ρ ≥ 0 } where ρ2 = ρ11 + · · · + ρ2n−1, the vector field X
has a well-defined pushforward X˜ given by
(4.3) X˜ =
[
(r2 − 1)2 + (2r2 − 1)(ε−2z2 − ε)] ∂z + ε−2r(r2 − 1)z ∂r +√n− 1ε−2(2r2 − 1)z ∂ρ.
This pushforward is visualized in Figure 1. Observe that X˜ is Morse-Smale.
In [11] it was proven that Σ0 is not convex. For completeness, we provide the argument here with
some more details.
Lemma 4.5. [11] The hypersurface Σ0 is not convex.
Proof. Let p = (0, r∗, 1+ε− (r∗)2) denote the point on Σ˜0 which is the hyperbolic zero of X˜. Observe
that
P−1(p) =
{
(θ, ρ1, φ1, . . . , ρn−1, φn−1) : ρ2 = 1 + ε− (r∗)2
}
is diffeomorphic to S1θ × S2n−3. The characteristic foliation along P−1(p) is directed by the vector
field
(1 + 2ε) ∂θ + ε
−2(2(r∗)4 − 2(r∗)2 + 1)
n−1∑
i=1
∂φi
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(a) (b)
Figure 1. (A) is the pushforward of X to X˜ on the quarter ellipsoid Σ˜. (B) is the
further projection of X˜ to the (z, r)-plane.
By adjusting ε if necessary, we may assume that this vector field foliates S1 × S2n−3 with periodic
orbits, hence the characteristic foliation along P−1(p) consists of parallel leaves.
Suppose for the sake of contradiction that Σ0 is convex. Then there is a dividing set Γ. Because
(Σ0)ξ is independent of θ and φi, we may isotope Γ so that Γ = P
−1(C) for some multicurve C ⊂ Σ˜0;
see Figure 2.
(a) (b)
Figure 2. (A) and (B) depict a sphere {z2 + r2 = c2} in R3(r,θ,z) with a radially
invariant characteristic foliation, together with the well-defined pushforward to the
semicircle {z2 + r2 = c2, r ≥ 0} in the (r, z)-plane. In (A), the dividing set in red
projects to a codimension 0 set on the semicircle. In (B), we choose a radially invariant
dividing set which projects to a codimension 1 submanifold of the semicircle. This is
the low-dimensional analogue to the pushforward of X to X˜.
We claim that C does not contain p. Suppose it did: then Γ contains the linearly foliated P−1(p).
By [5], there is a function u : Σ→ R for which X(u) < 0 on P−1(p), which contradicts the fact that
X has closed orbits on P−1(p). Thus, C avoids p. Finally, note that the singular points of X are
(z = ±ε√1 + ε, r = 0, θ, ρ1 = 0, φ1, . . . , ρn−1 = 0, φn−1).
For divergence reasons, these must lie in the negative and positive region, respectively. The remaining
singular points of X˜ are
(z = ±ε√ε, r = 1, ρ = 0)
which lift under P to periodic orbits that must lie in the positive and negative region, respectively.
Consequently, C must contain a component which is isotopic to one of the green curves in Figure 3.
The lift of either of these curves under P is diffeomorphic to S2n−1. Moreover, there are necessarily
other components of Γ. This contradicts a theorem of McDuff [9], as the positive region of Σ0 is then
a symplectic manifold with convex boundary of the type S2n−1 unionsq S′ for some other 2n − 1-manifold
S′. Thus, no such dividing set can exist and so Σ0 is not convex.

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Figure 3
Using ideas inspired by the the proof of Corollary 4.3, we prove Corollary 1.8.
Proof of Corollary 1.8. By Theorem 1.2, it suffices to perturb Σ0 so that the resulting characteristic
foliation is Morse-Smale. Lemma 4.4, the subsequent discussion, and the proof of Lemma 4.5 show that
the characteristic foliation is close to being Morse-Smale. The obstruction is P−1(p) ∼= S1 × S2n−3,
which is foliated by parallel leaves. The pushforward X˜ (in the Σ˜0 direction) is Morse-Smale, so it
suffices to perturb the hypersurface near P−1(p) so that the resulting foliation, when restricted to
P−1(p), is Morse-Smale.
Observe that for any fixed θ0, the contact form α in (4.1) restricts to the standard contact structure
on L = {θ0}× S2n−3 ⊆ P−1(p). Let U be a small neighborhood of p in Σ˜0. Then U ×L is transverse
to the characteristic foliation and hence is also contact. Using the flow of the characteristic foliation
starting at U × L, we isolate a “column” [0, 1]s × U × L where the characteristic foliation is directed
by ∂s. Note that we may take the foliation on top of the L component to already be “straight”, so
this identification only straightens out the foliation above the U component. By Lemma 2.3, we may
assume that a neighborhood of the column is given by
Rt × [0, 1]s × U × L with contact form t ds+ λ
where λ is contact on U × L, λ |L is the standard contact form on S2n−3, and Σ0 is identified with
{t = 0}. Finally, note that [0, 1]s × {p} × L ⊂ P−1(p). Our perturbation will be supported in this
column.
Pick a C∞-small contact Hamiltonian H : L→ R such that the corresponding contact vector field
XH is gradient-like for a Morse function. In particular, we may choose XH to be gradient-like for
a height function on the sphere ([3], [5], [14]) so that XH has one source singularity and one sink
singularity. Extend H to U × L via a bump function which is constant near p. Finally, extend H in
the s direction so that it is supported in the column [0, 1]s×U ×L. Let Σ1 = {t = H}. Because X˜ is
hyperbolic at p and thus structurally stable [13], the location of the zero may shift slightly from p to
some other point p1, when perturbed as above, but the hyperbolic dynamics in the Σ˜0 direction persist
if the perturbation is small enough. As in Corollary 4.3, the degenerate dynamics of the characteristic
foliation on P−1(p1) will be perturbed by the gradient-like vector field XH in the L direction. As a
result, the characteristic foliation of Σ1 is Morse-Smale, as desired.

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